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Number of Events and Time to Failure Distributions
for Error Correction Protected Memories
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Abstract—Designing the memory system for an application has
always been a complex task. This complexity has been increasing
in the last years due the technology scaling, since memories are
becoming more sensitive to soft errors. This issue is aggravated
when the application is running in a harsh environment, e.g.,
in the presence of intense radiation sources. Therefore, the task
to determine the optimal memory size and optimal protection
mechanism is a challenge for designers to provide appropriate
fault tolerance. In this paper, some classical reliability parameters,
as the mean time to failure and the mean number of events to
failure are revisited, but extending their scope with their prob-
abilistic distributions. These can be of great help to designers
when analyzing the consequences on reliability of certain decisions
related to the memory size and protection codes.

Index Terms—Error correction codes, memory, reliability, soft
errors, time to failure.

I. INTRODUCTION

R ELIABILITY is a key concern for memory devices as
data corruption can lead to system failure. Due to shrink-

ing geometries and lower supply voltages, soft errors are be-
coming increasingly common in advanced memories [1]. Many
of those errors are caused by radiation particles that hit the
device and change the value of a memory cell [2]. To mitigate
the effect of soft errors, a number of techniques ranging from
the physical design of the device to system level techniques
have been proposed [3]. In the case of memories, typically error
correcting codes are used in each memory word so that when a
soft error occurs, it can be corrected [4]. The most common type
of codes used is single error correction–double error detection
codes that can correct a single error per word and detect double
errors to avoid silent data corruption [5]. More sophisticated
codes that can perform double error correction (DEC) [6] or
even triple error correction (TEC) have also been proposed
[7]–[9]. These codes are often combined with scrubbing [7]
to prevent error accumulation and increase reliability. Another
major issue is multiple cell upsets (MCUs), where a single par-
ticle hit can upset more than one cell [1]. MCUs tend to affect
cells that are physically close and can disturb several bits of the
same word. To avoid this effect, interleaving is commonly used
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in memories. With interleaving, cells that belong to the same
word are physically distant in such a way that an MCU only
affects one cell per word [10]. In that situation, MCUs appear
as multiple single errors and the reliability of the memory can
be accurately approximated by the single error case using an
increased arrival rate (as shown in [10]). Therefore, in the rest
of the paper, only single errors are considered, but the results
also apply to a memory that suffers MCUs if an appropriate
interleaving is used.

Memory reliability has been mostly studied in terms of the
mean time to failure (MTTF) and mean number of events to
failure (METF). Most of the existing work concentrates on SEC
codes [5], [11]–[13] but some results have also been presented
for codes that can correct multiple errors per word [9]. MTTF
and METF are valuable indicators of memory reliability but
cannot be used to accurately predict the probability of failure
after a given time. For that, if the number of events and the time
to failure are defined as a random variable, their distributions
are needed.

The goal of this paper is to provide such distributions both
in terms of number of events to failure and time to failure. To
the best of the authors’ knowledge, such distributions have not
been presented anywhere else and its derivation is the main
contribution of this paper.

These distributions can provide a value for the failure proba-
bility of the system after a certain time or after a certain number
of events (bitflips) has occurred. These can then be used to
extend existing reliability analysis and help the memory and
system designers in the following.

1) Determine the optimal protection code that produces
the lowest cost overhead while meeting the reliability
constraints.

2) Calculate the largest memory that can be effectively pro-
tected with a certain protection code to meet the reliability
constraints.

3) Deduce the maximum radiation level (through the event
arrival rate) where a protected memory can work while
meeting the reliability constraints.

In this paper, an exact analytical formulation of the dis-
tribution of the number of events to failure is introduced.
Also, approximations for both the number of events and time
to failure are proposed for the asymptotic case in which the
number of words in the memory is large. These approximations
are especially useful as memories are large in most designs.

The rest of the paper is organized as follows. In Section II
the analytical solution and the different approximations for the
distribution of the number of events and time to failure are
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introduced. In that section some applications of the proposed
approximations to memory design and selection are also dis-
cussed. Then in Section III simulation results are presented
to evaluate the accuracy of the different approximations. This
section also includes a discussion of the advantages and dis-
advantages of the different approximations. In Section IV the
approximations are used in a few case studies to show how they
can be applied to real designs. Finally, in Section V conclusions
are presented . The mathematical derivations for the proposed
solutions are covered in the Appendix.

II. EVENT AND TIME TO FAILURE DISTRIBUTIONS AND

APPLICATIONS TO MEMORY DESIGN

Before introducing the proposed distributions, the assump-
tions used in the rest of the paper are summarized below:

1) The memory under study is formed by M words.
2) The memory is protected by a code capable of correcting

L errors per word, so that a failure occurs when any given
word has at least L + 1 errors.

3) Errors are produced at the memory following a Poisson
process with error rate λ ∗ M , where λ is the error rate
per memory word and unit of time. This parameter also
represents the mean value of the distribution.

4) Errors are uniformly distributed among the M cells.
5) T denotes the variable for the time to failure.
6) N denotes the variable for the number of events to failure.
In the rest of the section, the different approximations for the

time to failure and the number of events to failure are introduced
(as well as an exact solution for the latter). To keep the focus on
the memory reliability problem, the mathematical derivations
are presented at the end of the paper in the Appendix.

A. Time to Failure Distribution

The probability that a memory protected with a code capable
of correcting L errors fails before tx can be approximated when
M is large as

P (T < tx) ∼= 1 − e−
M

(L+1)! ·(λ·tx)L+1
. (1)

This will be denoted as the first approximation in the rest
of the paper. The derivation of this approximation and the
following ones are available at the end of the paper in the
Appendix.

An alternative approximation that also applies for large M is
given by

P (T < tx) ∼= 1 − e
−M ·
(

1−e−λ·tx ·
L∑

k=0

(λ·tx)k

k!

)
(2)

which will be denoted as the second approximation in the rest
of the paper.

These two approximations enable a fast calculation of the
probability of failure for any tx.

Equations (1) and (2) can be used to guide the selection of
the protection code (in terms of L) in a memory given M and
the event arrival rate λ. This was previously done in [9] in
terms of the MTTF, now it can be extended to cover the failure

probability for any given time interval tx. This can be useful
during the memory design phase to select a memory with the
appropriate protection level for a given application.

Given L and λ, another application of (1), (2) is to determine
the maximum value of M that would achieve a given reliability
level. This can help a designer to dimension the memory of a
system to ensure that reliability constraints are met.

Considering now that M and L are given then using (1), (2)
the maximum λ that can be tolerated for a given reliability level
can be determined. This is useful as it helps the designer to
predict on which type of environments the memory can be used.
For ground level systems this can translate into a maximum
altitude while for space-borne systems it will dictate on which
orbits the system can operate safely [7].

When memory scrubbing is used to improve reliability, a key
parameter is the probability of failure in a scrubbing interval
(ts). Using (1) this probability becomes

P (T < ts) ∼= 1 − e−
M

(L+1)! ·(λ·ts)L+1
(3)

or using (2)

P (T < ts) ∼= 1 − e
−M ·
(

1−e−λ·ts ·
L∑

k=0

(λ·ts)k

k!

)
. (4)

There is no need to use other approximations that are only
applicable when there is a low number of events per scrubbing
interval [5].

In summary, equations (1) and (2) prove to be very useful
for memory reliability evaluation during the design stage of a
memory or system.

B. Number of Events to Failure Distribution

The distribution of the number of events to failure can also
be useful in different situations. For example during memory
fabrication some cells may suffer defects that at the logical
level appear as permanent failures [14]. These defects affect the
production yield thus increasing the fabrication cost. Several
techniques can be used to reduce the impact of those defects
on yield. Examples are the use of fault repair techniques and
error correction codes. When error correction codes are used it
is interesting to know the probability of failure given a number
of cells with defects. This would give information about the
yield when error correction is applied.

To be able to select an appropriate error correction code
for the memory, the distribution of the expected number of
errors per part should be well characterized and stable in the
manufacturing process. This is critical to ensure that the error
correction code selected would provide a good yield.

Another situation where the number of events to failure
would be useful is when the error arrivals do not follow a
Poisson process but we have an indication of the number of
expected errors after a given time (obtained for example from
previous measurements in the same conditions). In this case the
distribution of the number of events to failure would help us to
accurately estimate the reliability of the memory.
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The exact value of the probability of failure given N events
can be obtained from the generating function of the random
variable N that is given by

E(zN ) = 1 − (1 − z) ·
∞∫

0

e−v ·
⎛
⎝ L∑

j=0

(
z
M

)j · vj

j!

⎞
⎠

M

· dv

(5)

as from the definition of the generating function

E(zN ) =
∞∑

k=1

zk · P (N = k). (6)

And finally

P (N ≤ n) =
n∑

k=1

P (N = k). (7)

The details on how to compute P (N = k) are given in the
Appendix.

For large values of M two approximations can be used. The
first one is related to (1) and given by

P (N > n) ∼= e
− nL+1

(L+1)!·ML . (8)

While the second is related to (2) and given by

P (N > n) ∼= e
−M ·
(

1−e
− n

M ·
L∑

k=0

( n
M )k

k!

)
. (9)

In the next section the accuracy of the approximations pre-
sented is evaluated by simulation showing for which values of
the parameters M and L are accurate.

III. NUMERICAL EVALUATION

A matlab script has been written to simulate the behavior of
the memory and measure both the time to failure and number of
events to failure. The script uses Poisson arrivals for the error
events and a uniform distribution to select the word on which
the error occurs, which is consistent with the assumptions made
in Section II. The simulation is run until a new error occurs on
a word that already has L errors, thus causing a failure. Then
the time and number of events for the failure are recorded.
A large number of simulations has been run to obtain a good
approximation to the number of events and time to failure
distributions.

This script has been used to validate the analytical results
and check the accuracy of the derived approximations. The
experiments have been divided into two groups, which work
with regular and small memory sizes, respectively.

A. Regular Memory Sizes

In the first group of experiments, the approximation accuracy
of the distributions of the time to failure [expressions (1)
and (2)] and the number of events [expressions (8) and (9)]
for regular values of M was checked. In the following, first
approximation will be used to refer to expressions (1) and (8)

Fig. 1. Distribution of the time to failure obtained with approximations (1),
(2) and simulation for M = 64 K and L = 1.

Fig. 2. Distribution of the time to failure obtained with approximations (1),
(2) and simulation for M = 64 K and L = 2.

and second approximation to expressions (2) and (9). In these
experiments, a memory size M = 64 K has been initially used.
Since in most designs memories are larger than this size, and the
accuracy of the approximations is better for larger values of M,
the expected results can be considered a worst case. The results
are shown in Figs. 1–3, for values or L = 1, 2 and 3. An initial
observation is that the accuracy of the first approximation gets
worse with L. On the other hand, the second approximation is
good, especially for L larger than one. To get accurate results by
simulation, more experiments are required for larger memories,
as there is more variability in the number of events to failure.
For example, one million experiments were performed and it
can be seen that for L = 3 the accuracy is not very good. To
address this issue, the distribution obtained by simulation was
smoothed by averaging nearby points. Additional experiments
were done for M = 1024 K to evaluate the accuracy of the
approximations for larger memories. The results, show a better
matching, but there is still a small difference for the first
approximation. This can be observed in Fig. 4 where the results
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Fig. 3. Distribution of the time to failure obtained with approximations (1),
(2) and simulation for M = 64 K and L = 3.

Fig. 4. Distribution of the time to failure obtained with approximations (1),
(2) and simulation for M = 1024 K and L = 3.

for L = 3 are shown. In all cases the first approximation is
conservative as observed in the previous experiment.

The approximations for the number of event distribution
were also checked by simulation and the results were similar
to those shown for the time to failure distributions.

B. Small Memory Sizes

The second group of experiments focuses on the theoretical
distribution (5) of the number of events to failure. This can
easily be computed for small memory sizes, and therefore
the values M = 64, 256 and 1024 words were analyzed for
different values of L = 1, 2 and 3. Also, approximations (8)
and (9), which have been previously studied in the first group
of experiments, have been added, for comparison purpose. The
results are shown in Figs. 5–7 for M = 256. In each case,
the probability distribution is shown in the upper plot and the
difference of the values obtained in simulation (and also using
the two approximations) with the theoretical ones is illustrated

in the lower plot. They show that the theoretical distribution
given by (5) accurately matches the simulation results. In fact,
the two plots are practically identical in many of the figures.
For these small values of M , approximation (8) is rather good
for L = 1, but worse for L > 1. However, this approximation
is conservative as it gives a lower number of events to failure
than the one observed in simulation. This is useful, as it
means that the use of the approximation would result in a safe
design that exceeds the required reliability. Approximation (9)
is more accurate when L is larger than 1, and therefore comple-
ments the first approximation. Similar results were obtained for
other values of M (64 and 1024).

C. Simulation Summary

The conclusions from the simulation experiments are:

• The exact formulation of the number of events to failure
given by (5) has been validated for different values of L
and M .

• Expressions (1) and (8) can be used as an accurate ap-
proximation to the number of events and time to failure,
respectively, when M is large and L is small.

• Approximations (1) and (8) give conservative estimates for
the number of events and time to failure and therefore even
when they are not very accurate, they can be safely used.

• Approximations (2) and (9) are very accurate when M is
large and can be used when increased accuracy is required
at the cost of increased complexity in the computation.
These approximations complement (1) and (8), as they are
accurate for larger values of L.

IV. APPLICATION OF THE PRESENTED APPROXIMATIONS

TO THE SYSTEM DESIGN PROCESS

To illustrate the application of the proposed approximations
in real designs, some examples are considered in this section.

In the first example, a memory has to be selected for on-
board operation in a spacecraft. During the mission, the error
arrival rate can vary significantly and a conservative design
should use the worst case value for this arrival rate. Let us
assume that the worst case conditions are known and cor-
respond to an Equatorial Orbit [7]. The memory size M is
fixed because of the application requirements. The design has
to guarantee a low probability of failure (below 10−4) for
the duration of the mission. Consider, for the discussion, that
M is assumed to be 512Mword (with a width of 32 bits),
λbit = 2 · 10−8 errors per bit and day (this would correspond
to a typical Equatorial Orbit (>3000 Km), as reported in [7])
and the mission duration is 5 years. Then, using (1) and (2), the
probability of failure can be computed for different protection
codes (L). The results are shown in Table I and it can be
observed that a code stronger than SEC (L = 1) is needed.
Specifically, a protection code of at least L = 3 would have
to be provided by the memory designer. But this code is able
to protect a larger memory than the initial 512Mword. Using
the same expression, a memory of, for example, 1 Gword could
be used, respecting the protection requirements stated before.
In this way, the application designer has the option to enhance
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Fig. 5. Distribution of the number of events to failure obtained with the theoretical model (5), approximations (8) and (9) and simulation for M = 256 and
L = 1.

Fig. 6. Distribution of the number of events to failure obtained with the theoretical model (5), approximations (8) and (9) and simulation for M = 256 and
L = 2.

the storage capability if needed. It should be noted that in this
example a typical value of the arrival rate for the Equatorial
Orbit has been used, but in a real design some safety margin
should be added to ensure that the reliability objectives are
met even if there are some deviations in the predicted error
rate. This could be done by using a slightly larger rate in the
calculations.

It is interesting to compare the results in Table I with the
MTTF computed for the same cases using the existing expres-
sions [9]. The MTTF values are shown in Table II. It is clear
that we need the MTTF to be larger than the mission duration
something that occurs for L = 2 and L = 3. However, the
MTTF alone does not provide enough information to accurately
predict the failure probability during the mission duration.

Another alternative would be to use scrubbing with SEC
(L = 1). As an example, if scrubbing is performed once per
hour, the probability of failure for the duration of the mission
drops to approximately 0.008. A scrubbing period of less than
a minute (approximately 40 s) is needed to meet the specified
probability of failure. In this case (1) and (2) are used to
calculate the probability of failure in a scrubbing period. From
this, the probability of failure for the duration of a mission can
be easily derived (e.g., [5]).

In this example, it has been shown that the expressions
derived in this paper are useful for both the memory and the
application design perspective. It can also be seen that both
approximations provide very similar values for the probability
of failure.
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Fig. 7. Distribution of the number of events to failure obtained with the theoretical model (5), approximations (8) and (9) and simulation for M = 256 and
L = 3.

TABLE I
MEMORY FAILURE PROBABILITIES FOR THE FIRST EXAMPLE

TABLE II
MTTFS FOR THE FIRST EXAMPLE

In the second example, the reliability of a server that operates
on a terrestrial environment is considered. In this case, M =
4 Gwords (with a width of 32 bits) and L = 1 (SEC is used).
Then, considering that λ has been previously estimated, the
probability that the server fails before a given time T can be
computed using (1) or (2). This can be useful when designing
computer clusters, as it allows the designer to know the degree
of fault tolerance that will be required in advance [15]. For
example, if an error rate λbit = 2.4 · 10−11 errors per bit per
day is considered, then the probability of failure in years would
be 0.000169 and other effects [15] will dominate the failure rate
of servers. However, for larger memories the situation may be
different. In this context, the proposed approximations could be
used to predict the memory size at which failures caused by soft
errors will become the dominant factor. In this particular case
failures caused by soft errors would start to be significant only
for very large memories in the range of terawords. Therefore,
SEC seems to be sufficient unless the error rate increases
significantly in the future. However, as the cost of scrubbing can
be negligible in many cases, it may be interesting to implement
it to provide an additional safety margin.

Finally, let us consider a situation in which the number of
errors after a given time is known. This could correspond, for
example, to the number of defects after fabrication. Let us
assume a memory with 1Mwords that is protected with DEC
and that has 1000 defective cells. Then, using (8) and (9),
the probability of failure can be computed, giving values of
1.516 · 10−4 and 1.515 · 10−4, respectively. These values would
ensure that the production yield is close to 100% even in the
presence of that number of defective cells. However, if we
consider an increase in the number of errors to 10 000 defective
cells per part, the failure probability would rise to 0.141 and
0.140 according to (8) and (9). This level of defects would
significantly affect the yield.

V. CONCLUSION

In this paper, the number of events and time to failure
distributions of memories protected with error correcting codes
have been studied. An exact formulation for the number of
events to failure has been presented. For large memories, two
approximations have been proposed which enable a fast compu-
tation of the reliability of a memory. These approximations can
be applied to both the number of events to failure and the time
to failure, and are useful as in most cases memories are large.
The accuracy of the approximations has been studied through
a number of simulation experiments that cover a wide range
of values for memory size and protection code type. The first
approximation is more accurate for memories protected with
single error correction (SEC) codes, while the second is better
for memories protected with double or triple error correction
codes. It is also worth mentioning that the first approximation
is conservative and therefore can be safely used to estimate the
reliability in a design.

Also, a number of examples of applications of the approxi-
mations presented have been discussed. The examples illustrate
the usefulness of the approximations in the memory design or
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in the memory selection at the system level to ensure a given
reliability target. In summary, the proposed approximations
enable an accurate evaluation of the reliability of a memory.

APPENDIX

In this Appendix, the derivations for the approximations of
the distributions of the number of events and time to failure
and for the exact distribution of the number of events to failure
introduced in Section II are presented.

To that end, let us define Wi as the random variable of the
time to failure of memory word i. From the assumptions, errors
arrive at each word following a Poisson process with arrival
rate λ. Therefore, Wi is Γ(L + 1, λ) distributed (where Γ is
the Gamma distribution) and its probability density function is
given by

P (Wi = t) =
(λ · t)L · e−λ·t · λ

L!
(10)

T = min(W1, . . . ,WM ). (11)

Now, for a number μM > 0

P (T > μM ) = P (min(W1, . . . ,WM ) > μM )

=

⎛
⎝ ∞∫

μM

(λ · t)L

L!
· e−λ·t · λ · dt

⎞
⎠

M

=

⎛
⎝1 −

μM∫
0

(λ · t)L

L!
· e−λ·t · λ · dt

⎞
⎠

M

. (12)

For a fixed x > 0 and μM = L+1
√

(L + 1)!/M · (x/λ), as M
tends to infinity

lim
M→∞

⎛
⎝M ·

μM∫
0

(λ · t)L

L!
· e−λ·t · λ · dt

⎞
⎠

= lim
M→∞

⎛
⎝M ·

μM∫
0

(λ · t)L

L!
· λ · dt

⎞
⎠

= xL+1. (13)

Therefore, when M tends to infinity, and using the equality
limx→∞(1 + (1/x))x = e, (12) converges to

lim
M→∞

P (T > μM ) = lim
M→∞

(
1 − xL+1

M

)M

= e−xL+1
(14)

which is in fact approximation (1).
From (14), it follows that when M tends to infinity,

lim
M→∞

P (T < μM ) = 1 − e−xL+1
(15)

lim
M→∞

P

(
λ· L+1

√
M

(L + 1)!
· T = x

)
= (L + 1) · xL · e−xL+1

(16)

which gives the probability density function of the time failure
of the memory.

Let us now define the random variables Zi/(λM) as the times
between the errors in N. Given the Poisson assumption, Zi are
exponentially distributed with mean 1 and the random variables
Zi and N are independent. Then, the time to failure T can be
expressed as

T =
N∑

k=1

Zk

λ · M (17)

from which

M · T =
N

λ
·

⎛
⎜⎜⎜⎝1 +

N∑
k=1

(Zk − 1)

N

⎞
⎟⎟⎟⎠ . (18)

When N tends to infinity the above equation can be written as

M · T · λ = N (19)

which can be rewritten as

λ · L+1

√
M

(L + 1)!
· T =

N
L+1
√

(L + 1)! · ML
. (20)

Therefore from (16)

lim
M→∞

P

(
N

L+1
√

(L + 1)! · ML
= x

)
= (L + 1) · xL · e−xL+1

(21)

which is in fact approximation (8).
Let us now consider the probability that given N errors in

the memory, k of them have fallen on a particular word. This is
given by the binomial distribution

Pj(k) =
(

n

k

)
(M − 1)n−k

Mn
(22)

which, using the Poisson approximation to the binomial distri-
bution [16], can be expressed as

Pj(k) ∼= e−α · αk

k!
(23)

where α is given by n/M.
Then assuming that the distributions of the errors on the dif-

ferent cells are independent (which is another approximation)
the probability that given N events there is no word with more
than k errors is given by

P (N > n) ∼=
(

e−
n
M ·

L∑
k=0

(
n
M

)k
k!

)M

(24)

or alternatively by

P (N > n) ∼=
(

1 − e−
n
M ·

∞∑
k=L+1

(
n
M

)k
k!

)M

. (25)
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Then, making

x =
1

e−
n
M ·

∞∑
k=L+1

( n
M )k

k!

. (26)

The following is obtained:

P (N > n) ∼=
((

1 − 1
x

)x)M
x

. (27)

When M is large, if 1/x is not close to zero then P (N > N)
will be close to zero. On the other hand if 1/x is close to 0 then

P (N > n) ∼= lim
x−>∞

((
1 − 1

x

)x)M
x

= e−
M
x

= e
−M ·
(

e
− n

M ·
∞∑

k=L+1

( n
M )k

k!

)

= e
−M ·
(

1−e
− n

M ·
L∑

k=0

( n
M )k

k!

)
. (28)

This is in fact approximation (9), which is valid for large
values of M.

It is worth mentioning that obviously P (N > n) = 1 for
N = 1, . . . , L and for small values of M it may be worth using
those values instead of the approximations.

When M is large, (28) can be used to estimate the distrib-
ution of the time to failure by approximating N with λMt as
shown below

P (T >tx)∼=P (N >λ·M ·tx)=e
−M ·
(

1−e−λ·tx ·
L∑

k=0

(λ·tx)k

k!

)
(29)

which is approximation (2).
The derivation of the exact probability density function of the

number of events to failure starts by noting that

P (T > t) = P (min(W1, . . . ,WM ) > T )

= P (W1 > t) · . . . P (WM > t)

=

⎛
⎝ L∑

j=0

(λ · t)j

j!
· e−λ·t

⎞
⎠

M

. (30)

For an exponential random variable with mean 1

E(e−s·Z)=

∞∫
0

e−s·t · P (Z = t) · dt=

∞∫
0

e−s·t · e−t · dt=
1

1+s
.

(31)

From (17)

e−s·M ·T = e−s·

N∑
k=1

Zk

λ . (32)

Taking the expectation in both sides of the equation

E(e−s·M ·T ) = E

⎛
⎜⎜⎜⎝e−s·

N∑
k=1

Zk

λ

⎞
⎟⎟⎟⎠ . (33)

The right side of (33) depends on random variables Zk and
N which are independent and can be solved first for the random
variables Zk using (31)

E

⎛
⎜⎜⎜⎝e−s·

N∑
k=1

Zk

λ

⎞
⎟⎟⎟⎠ = E

((
1

1 + s
λ

)N
)

. (34)

Also for the left size of (33), using the product rule for the
derivative of the product of two functions, we obtain

E(e−s·M ·T ) =

∞∫
0

e−s·M ·t · ∂P (T < t)
∂t

· dt

=

∞∫
0

e−s·M ·t · −∂P (T > t)
∂t

· dt

= 1 −
∞∫

0

s · M · e−s·M ·t · P (T > t) · dt (35)

which, using (30), can be reduced to

E(e−s·M ·T )=1−
∞∫

0

s·M ·e−s·M ·t ·
⎛
⎝ L∑

j=0

(λ · t)j

j!
·e−λ·t

⎞
⎠

M

·dt.

(36)

Therefore

E

((
1

1 + s
λ

)N
)

= 1 −
∞∫

0

s · M · e−s·M ·t

·
⎛
⎝ L∑

j=0

(λ · t)j

j!
· e−λ·t

⎞
⎠

M

· dt. (37)

Also making u = λMt

E

((
1

1 + s
λ

)N
)

= 1 − 1
λ
·

∞∫
0

s · e−(1+ s
λ )·u

·
⎛
⎝ L∑

j=0

(
u
M

)j
j!

⎞
⎠

M

· du. (38)
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Finally, changing to z = 1/(1 + s/λ) and v = u/z

E(zN ) = 1 − (1 − z) ·
∞∫

0

e−v ·
⎛
⎝ L∑

j=0

(
z
M

)j · vj

j!

⎞
⎠

M

· dv

(39)

which is the generating function of N presented in (5) from
which its probability density function is extracted from

E(zN ) =
∞∑

k=1

zk · P (N = k). (40)

To simplify the numerical evaluation of (39) the polynomial
in the right side can be expressed as⎛

⎝ L∑
j=0

(
z
M

)j · vj

j!

⎞
⎠

M

=
L·M∑
i=0

ci ·
(z · v

M

)i

(41)

where ci is the coefficient for the ith term that is computed by
developing the left side of (41).

Then, using the following equality: n! =
∫∞
0 xn · e−x · dx,

expression (39) can be written as

E(zN ) = 1 − (1 − z) ·
L·M∑
i=0

ci · i! ·
( z

M

)i

. (42)

Finally, using (40), the probability that N = N is given by
the nth term in (42), which can be extracted as

P (N = n) = cn ·
(

n!
Mn

)
− cn−1 ·

(
(n − 1)!
Mn−1

)
. (43)

This can be easily computed using a symbolic tool.
Finally, it is also worth noticing that for the case L = 1 the

exact formulation is reduced to

P (N > n) =
n−1∏
i=0

(
1 − i

M

)
. (44)
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